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Abstract 

The aim of this work is to analyze Kahler moduli space monodromies of string 
compactifications. This is achieved by investigating the monodromy action upon D- 
brane probes, which we model in the Landau-Ginzburg phase in terms of matrix 
factorizations. The two-dimensional cubic torus and the quintic Calabi-Yau hyper- 
surface serve as our two prime examples. 



December, 2006 



1. Introduction 



The discovery and investigation of D-branes have given as some insight into the 
non-perturbative structure of string theory and have improved our understanding of 
string dualities. However, despite of this success our view upon many aspects of 
D-branes is still rather limited. 

For instance many properties of D-branes in string compactifications are only 
qualified in certain regions of the string moduli space, such as the geometric regime, 
where the compactification space is taken to be large compared to the string scale and 
hence string corrections are suppressed. These scenarios allow us to treat D-branes 
semi-classically and to apply geometric methods. However, in other regions of the 
moduli space we cannot neglect stringy quantum corrections j an d therefore it is 

necessary to describe D-branes with the machinery of boundary conformal field theory. 
In principal boundary conformal field theories constitute a suitable description for 
generic values of the moduli. However, in practice these methods are only applicable 
at special points in the moduli space, where due to enhanced symmetries the conformal 
field theory becomes rational and hence solvable ||],|5|||. Thus studying D-branes in 
string compactifications for generic moduli remains a challenge. 

Recently matrix factorizations have emerged as yet another tool to study D- 
branes []7|J^,P|, pil|rn] , P^| , p!B[ ] . They model branes in Landau-Ginzburg theories, which 
describe string compactifications on hypersurfaces in a non-geometric regime of the 



Kahler moduli space ||14jj . In the context of Landau-Ginzburg models we are still 
able to continuously vary both bulk complex structure moduli, realized in terms of 
deformations of the Landau-Ginzburg superpotential, and D-brane moduli, encoded 



in the matrix factorization ||15|Jlq , |l7| . Furthermore, we can even study obstructed 
moduli and their associated effective superpotentials []To1JT8| , |T6| , [T9|j20| , pT| . 

These Landau-Ginzburg theories are believed to flow to an infrared conformal 
fixed point. Since this flow is rather complicated we use here the framework of topo- 
logical Landau-Ginzburg theories, which compute quantities invariant with respect to 
the renormalization group. 

The goal of this work is to transport brane probes in the Kahler moduli space so 
as to explore its global structure. But instead of considering an arbitrary path in the 
moduli space (cf. also refs. |I|,|3|, p3| , |2^ , |25| , p6| ) , we are less ambitious and analyze 
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branes as we move along a closed path with base point at the Landau- Ginzburg 
phase in the Kahler moduli space. This corresponds to determining upon matrix 
factorizations the action of monodromies induced from moduli space singularities. A 



similar analysis has been carried out in refs. p7| , [28| . P9| . |30[| , where the large radius point 
is chosen as a base point and where the monodromies act upon complexes of coherent 
sheaves. This work should be seen complementary to the large radius results as some 
of the calculations are more tractable in the language of matrix factorizations. 

The outline of the paper is as follows. In section 2 we mainly review matrix 
factorizations in Landau- Ginzburg orbifolds in order to set our conventions and to 
introduce the notation. In particular we focus on equivariant matrix factorizations 



11| , |33| , |17t1 and their gradings |33[], as these properties play an important role in the 



D-brane monodromy analysis. 

Then we turn to the structure of the Kahler moduli space of Calabi-Yau hy- 
persurfaces from a gauged linear cr-model point of view [jnj. Typically one obtains 
three kinds of singularities in the Kahler moduli space, namely the large radius, the 
Landau- Ginzburg and the conifold singularity. In section 3 we investigate in detail 
the monodromies of these singularities acting upon matrix factorizations. 

In section 4 we employ the developed techniques and study D-brane monodromies 
on the moduli space of the cubic torus. The matrix factorizations of the cubic torus 



are well-understood fllqjl7|l , and hence the torus serves as good first example to study 
the effect of monodromies on matrix factorizations. We also demonstrate that the 
results are compatible with the expected transformation behavior of D-brane charges. 
Finally we show the connection of the Kahler moduli space as seen from the gauged 
linear a-model |TJ[] to the Teichmiiller space of the two-dimensional torus . 



We turn towards our second example, the quintic Calabi-Yau hypersurface, in 
section 5. We explicitly address the action of the monodromies upon two types of 
matrix factorizations of the quintic. Again we verify our results by comparing with 
the monodromy transformations of the D-brane charges presented in ref. [|T1,|32||. 

In section 6 we present our conclusions and in appendix A we have collected the 
open-string cohomology elements used in section 4. 



1 On the level of D-brane charges monodromies have also been studied in refs. [5,25,31,321 
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2. D-branes in Landau- Ginzburg orbifold theories 



In order to set the stage for the forthcoming analysis we review the notion of 
B-type branes in the context of topological Landau- Ginzburg orbifolds. By now it 
is well-known 11 , 1^ , 1^ ] that B-branes in Landau-Ginzburg theories are given by 



matrix factorizations of the Landau-Ginzburg superpotential, W. In this section we 
recapitulate the aspects which are important for this work. 

2.1. Matrix factorizations and open-string states 

A B-type brane, P, in the topological Landau-Ginzburg theory with homoge- 
nous Landau-Ginzburg superpotential, W(x), is realized as matrix, Qp, and a linear 
involution, ap, i.e. ap = 1, such that [PP JIT] , ^2]JI3[ 



Q P (x) = W(x) ■ l 2riX 2n , O p Q P + Q P Up = 0. (2.1) 

Here the 2n x 2n matrix, Qp, has polynomial entries in the bulk chiral Landau- 
Ginzburg fields, X£. Furthermore, two matrix factorizations, (Qp, ap) and (Qp>, crp>), 
are gauge-equivalent, i.e. they describe the same brane, if they are related by an 
invertible 2n x 2n matrix, U (x) ,i 

Q P ,{x) = U(x)Q P (x)U- 1 (x) , a p/ = U(x)a P U- 1 (x) . (2.2) 

From a given matrix factorization, (Qp,o~p), of a brane, P, we can immediately 
construct the matrix factorization, (Qp, ap), of the anti- brane, P, by acting with the 
operator, T: 

T : P P , (Q P , a P ) h-> (Q P , -a P ) . (2.3) 

Thus the operator, T, generates the matrix factorization of the anti-brane. 

The physical string states in the topological Landau-Ginzburg theory arise as non- 
trivial cohomology elements of the BRST operator. For open-string states, @(p t R), of 
strings stretching from the brane, P, to the brane, R, the BRST operator is given by 

D(p,r)0(p,r) = Qr®(p,r) - aRQ( P}R )ap Qp . (2.4) 



2 Invertible as a matrix in the ring of polynomials in 



X£. 
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It is straight forward to check that the BRST operator, D( PR \, squares to zero. 

Furthermore, we observe that the open-string states, Q(p t R), split into bosonic 
states, $(p fl ), and fermionic states, \I/(pp), which differ by their eigenvalues ±1 with 
respect to the involutions of the attached branes: 

VR®(P,R)(TP = + $(P,P) , °R^(P,R)°P = -*(P,R) • ( 2 -5) 

In the paper we also use an equivalent description for the matrix factorization, 
(Qp, up), which arises as follows: Due to the fact that the matrix, Qp, anti-commutes 
with the involution, op, we can always find a gauge in which the involution, crp, takes 
the block diagonal form op = Diag(l nX n, — lnxn)- in this gauge the matrix, Qp, 
decomposes into two n x n matrices according toi 

Thus we can alternatively describe the brane, P, in terms of the matrix pair, (Jp, Ep), 
which then fulfills 

J P {x) E P (x) = E P {x) J P {x) = W{x) ■ l nxn . (2.7) 

In this description the operator, T, which maps branes to their anti-branes, becomes 

T : P h- P , ( Jp, E P ) h-> ( J p , E P ) = (-Ep, -J P ) . (2.8) 

Moreover, bosonic and fermionic open-string states, $(pp) = (4>o,4>i) an d ^(pp) = 
(ipo,ipi), decompose also into two matrices, and the open-string BRST operator, 
f(p,R), reads 

D(P,R)®(P,R) = £>(P,P)(0O,</>l) = (Jr4>o ~ ^1 Jp.Er^x - 4> E P ) , 

(2.9) 

D(p,r)^(p,r) = D (p,R)Wo,i>i) = (EriPq+iIjiJp,JriPi+iIjoEp) . 



3 Note that the block- diagonal form of the involution, op, corresponds to a partial gauge 
fixing, which is preserved by gauge transformations ( |2.2| ) with block- diagonal matrices, U = 
Diag(V nXn , Wnxn)- Here the n x n matrices, V n xn and W nX n, are invertible again in the 
ring of polynomials in xg. 
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2.2. R-charge assignments 



For the Landau- Ginzburg model to flow to a non-trivial conformal IR fixed point, 
it is necessary for the theory to have a (non-anomalous) U(l) R-symmetry. With 
respect to this U(l) symmetry the bulk Landau- Ginzburg superpotential has R-charge 
assignment +2. Hence for a homogenous superpotential, W(x), of degree d the bulk 
chiral fields, xe, have R-charge +2 

For Landau- Ginzburg theories with branes it is also necessary to extend the U(l) 
R-symmetry of the bulk to the boundary. This corresponds to requiring that we 
can find a U(l) representation, pp(9), such that the matrix, Qp, which according to 



eq. ( [Op has R-charge +1, transforms with respect to the U(l) R-symmetry as |33 



pp{9)Qp{e 2 ^x)p P \d) = e l9 Q P (x) . (2.10) 

Here the representation, pp(0), obeys pp(0) = l-2nx2n and pp(nd) = l2nx2n for even 
d whereas pp{2nd) = l2nx2n for odd d. 

For us it is important that the representations, pp(6) and pr(9), of the branes, 
P and -R, assign also the R-charge, qe (PR) , to the open-string states, ®(p t R), 

PR(9)e i p R) (e 2 ^x)p P \9) = e ieq& (^Q {P , R) (x) . (2.11) 

2. 3. Equivariant matrix factorizations 

Ultimately we want to study monodromies in the Kahler moduli space of Calabi- 
Yau compactifications. For the compactifications considered in this work the Landau- 



Ginzburg phase is realized as a Landau- Ginzburg orbifold ||14j| . The orbifold group, 
Zd, acts on the bulk chiral fields, xg, as 



X£ h-> u k x e , u = e'd" , keZ d . (2.12) 



2-?ri 



4 In this paper we consider only homogenous Landau-Ginzburg superpotentials. The 
generalization to quasi-homogenous superpotentials is straight forward. 

5 We always choose a gauge for the matrix factorization, Qp, such that the representation, 
p{9), is diagonal and ^-independent (cf. ref. [03|). 
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In this context branes are characterized by Z^-equivariant matrix factorizations. This 
means we need to add to the data of the brane, P, a Z^ representation, R p , such that 
the matrix, Qp, fulfills the equivariance condition [|TT| , |33| , |lTf : 



R p {k)Q P {u k x)R p {-k) = Q P (x) . (2.13) 

In terms of the matrices, (Jp, Ep), the representations, R p , splits into two parts, R p 
and R p , and the equivariance condition (|2.13| ) becomes 

Jp(x) = R p (k)Jp(u k x)R p (-k) , 

(2 14) 

E P (x) = R p (k)E P (uj k x)R p (-k) . 

The expression ( |2.13| ) resembles closely the transformation behavior ( |2.10|) of the 
matrix, Qp, with respect to the U(l) R-symmetry. Indeed for irreducible matrix 
factorizations the representation, i? p , are related to the U(l) representation, pp, by 

33 



R(k) = e inkXp p(TTk)a k P , o=^6Z. (2.15) 

Here Ap denotes the grade of the equivariant matrix factorization, which is constraint 
by Rp(d) = l2nx2n- Thus for each irreducible matrix, Qp, there are d inequivalent 
Zd representations, R Pa , which give rise to d different equivariant branes, P a , in the 
orbifold theory. Given an equivariant brane, P, we simply obtain the other branes, 
P a , in the same equivariant orbit by 

R Pa (k) = u ak R p (k) . (2.16) 

As the representations, R p , distinguishes among the branes in the equivariant 
orbit we must also adjust the notion of open-string states. Therefore induced from 



eq. ( |2.13| ) we impose on open-string states, 0(p,p), the condition 

R R (k)<d { p, R) (uj k x)R p (-k) = e ( pp)(x) . (2.17) 

2-4- Gradings of branes 

Finally let us discuss one additional refinement in the description of branes. 
We have seen that branes are equipped with a grade, Ap, which, so far, has been 
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ambiguous up to shifts of even integers. As explained in refs. [p5| , p6| this ambiguity is 
not important as long as we analyze the physics of a single brane but becomes relevant 
for the analysis of open strings stretching between different branes. Thus in order to 
keep track of this ambiguity, we assign to each brane an integer, n, and denote the 
graded brane by P[n}. The grading, n, is the integer offset of the grade, Ap. If we 



perform the shift, Ap Xp — 1. we observe in eq. (|2.15|) that this amounts to changing 
the sign of the involution, ap, i.e. op — > —ap. Thus according to eq. (|2.3| ) the brane, 
P[l], is the anti-brane of P[0], and hence we identify the operator, T, which maps 
branes to anti-branes, with the translation operator for the integer grading, n: 

T : P[n] i-> P[n + 1] . (2.18) 

Note that in the following we abbreviate the branes, P[0] and P[l], by the short-hand 
notation, P and P. 

As a consequence of the interplay of the integer grading, n, and the grade, Ap, 
we also obtain the relation 

P a+d [n] = P a [n-2] . (2.19) 

Furthermore, for even degrees, d, we find that branes and anti-branes are in the same 
equivariant orbit because the anti-brane, P a , coincides with the brane, P a -d/2- 

With these definitions at hand we can now assign integer gradings to open-string 
states. Namely, the grading, p, of an open-string state, 0(p,p), with R charge, q& (p R) , 
arises as |33[ 

p = X R - X P + g @(p K) . (2.20) 

For odd and even integers, p, the open-string states are bosonic and fermionic respec- 
tively. Thus, the integer grading, p, is compatible with the statistics of open-string 
states. We denote the space of open-string states at grading, p, by Ext p (P, R) and 
for p = by Hom(P, R) = Ext (P, R). Due to eq. (|2.20| ) the open-string states at 
different gradings are related by 

Ext p (P, R) ~ Hom(P[-p], R) ~ Hom(P, R[p}) . (2.21) 



All those described ingredients are captured in a graded category |3^j3q . P6| . |39| , P2 
where the objects are matrix factorizations, the morphisms between objects are open- 
string states, and finally the shift functor is the operator, T. For us it is important to 



7 



note that in the category of matrix factorizations of topological B-banes, in addition 
to the gauge equivalences (j2.2j) , two matrix factorizations are also equivalent if they 
only differ by blocks of trivial matrix factorizations [37,15,38] 



Q 



w 



1 
W 



Q 



w 



w 

1 



(2.22) 



Physically the trivial matrix factorization, Qw, corresponds to a trivial brane-anti- 
brane pair, which annihilates to the vacuum. 



3. D-brane monodromies in the Kahler moduli space 

In this section we introduce the tools needed to study D-brane monodromies in 
the Kahler moduli space of hypersurfaces embedded in (weighted) projective spaces. 
These geometries have a Landau- Ginzburg orbifold phase JH||?2]] , in which matrix 
factorizations describe D-branes, and hence they are suitable to study D-brane mon- 
odromies from a matrix factorization perspective. 

3.1. The Kahler moduli space and D-brane monodromies 

In this paper the cubic torus in CP 2 and the quintic hypersurface in CP 4 serve as 
our working examples, but the following discussion generalizes to many other Calabi- 
Yau hypersurfaces as well. 

Compactifications of both geometries depend on a single (complexified) Kahler 
modulus and the Kahler moduli space becomes singular at three distinct points. There 
is the large radius point, where the volume of the compactification space becomes infi- 
nite, then there is the conifold point, where the (quantum) volume of the hypersurface 
shrinks to zero size while the (quantum) volume of the lower even dimensional cycles 



stays finite [ 40(1 , and finally there is the Landau- Ginzburg point, where the singular- 
ity in the moduli space arises from a global discrete symmetry of the theory. The 
structure of the Kahler moduli space is schematically depicted in |Fig. 1] (a). 





Fig. 1: (a) The figure illustrates the complex one dimensional 
Kahler moduli space of a Calabi-Yau hypersurface with the large 
radius (LR), the Landau-Ginzburg (LG) and the conifold (C) singu- 
larity, (b) Here we show the three non-trivial loops in the Kahler 
moduli space along which we transport brane probes. The base point 
of these loops is in the vicinity of the Landau-Ginzburg point, where 
branes are given in terms of matrix factorizations. 



In the topological B-model the dependence of branes on Kahler moduli is rather 
mild. For instance a brane probe transported along a closed contractible loop is 
expected to come back unchanged. If, however, the loop is non-contractible, that is 
to say if we encircle one of the above mentioned singularities, then, in general, the 
original brane configuration is changed. This, however, does not imply that we get a 
new theory with different branes. Instead, it just means that the monodromy of the 
singularity maps individual branes to other branes within the same theory 



Note that for physical branes there is a stronger dependence on the Kahler mod- 
uli, as one also has to take into account the notion of Il-stability Hi] 



i.e. a 



physical brane probe can decay as it crosses a line of marginal stability in the Kahler 
moduli space. However, we limit our analysis to topological branes and hence we do 
not address this issue here. 



Our next task is to discuss the D-brane monodromies arising from the different 
singularities. As we focus on branes given by matrix factorizations, the base point for 
the non-contractible loops is located near the Landau-Ginzburg point as depicted in 
B(b). 



3.2. Landau- Ginzburg point monodromy 

Since we describe branes in the Landau-Ginzburg phase of the a-model to the 
Calabi-Yau hypersurface, the Landau-Ginzburg monodromy is the simplest one in the 
language of matrix factorizations. At the Landau-Ginzburg point in the Kahler moduli 
space the theory has an enhanced discrete symmetry, which is the orbifold group in 
the Landau-Ginzburg phase pl]|£2]1 . Thus encircling the Landau-Ginzburg singularity 
in the Kahler moduli space corresponds to permuting the branes in the equivariant 
orbit of the Landau-Ginzburg orbifold [P5| , |3"2l , |33l • Therefore the monodromy action 
on the equivariant brane, P a , simply reads 

M LG (P a ) = P a+1 , M^(P a ) = P a _! . (3.1) 



3.3. Conifold point monodromy 

Next we want to address the monodromy about the conifold point. At the conifold 
point of Calabi-Yau hypersurfaces the (quantum) volume of the compactification space 
shrinks to zero size, while the (quantum) volume of lower-dimensional even cycles 
remains finite ||40||. As a consequence a brane that wraps the compactification space 



without any lower-dimensional brane charges is massless at the conifold point p3| . |40|] . 
Such a brane, X, potentially binds to the transported brane probe, P, as follows []30| . 
The mass of a BPS brane is given by the absolute value of its central charge, Z, which 
depends holomorphically on the Kahler moduli. Hence at the conifold singularity the 
central charge, Z(X), of the brane, X, is zero and therefore reads in terms of spherical 
coordinates, (r, 6), of the Kahler moduli space in the vicinity of the singularity 

Z{X) = re™ 9 . (3.2) 

On the other hand we assume that the brane probe, P, remains massive at the conifold 
point, and therefore we further assume that close to the conifold point the central 
charge, Z(P), is to lowest order constant 

Z(P) = ce 1,Ap , (3.3) 

with some real constant, c, and some constant grade, Xp. 



10 



The difference of the grades, Xp — Xx = Xp — 9, measures the mass of fermionic 
open-string states, ^(x,p)i horn brane, X, to brane, P pT|J27| , p8|| , ^.e. ^(x,p) is mas- 



sive for Xp > Xx and tachyonic for Xp < Xx- As the brane probe, P, encircles 
the conifold point the mass of the open-string state, ^fx,p)j changes gradually form 
massive to tachyonic. Thus along the path the pair of branes, P and X, becomes un- 
stable and an energetically favored bound state is formed via tachyon condensation. 
The matrix factorization, Qcon, of the condensate with the operator, ^rx,p)i is easily 



realized as 44,17 



Here ^rx,p) denotes the matrix representative ( |2.5| ) with respect to the BRST op- 
erator ( |2.4j ), and the condensate of the branes, P and X, corresponds to the cone 
construction, Cone (^(x,p) '■ — > P), with the fermionic operator, ^fx,p)i as an 
element of the open-string cohomology group, Ext 1 (X, P). 

So far we have skipped an important detail. The grades, A, of the central charges, 
Z, correspond in the Landau- Ginzburg phase to the grades of the matrix factorizations 



discussed in section |2.4j . Therefore we have the same integer ambiguity in defining the 
grade, A, from its central charge, Z, and the different choices give rise to the integer 
grading of the brane [f41~l , |28|1 : 

Xp[ n ] = Xp - n . (3.5) 

Obviously the integer grading is relevant in the discussion of massive vs. tachy- 
onic open-string operators. The open-string states, which becomes tachyonic along 
the path around the conifold monodromy, are cohomology elements of Ext 1 (X, P). 
However, also the other cohomology elements, 6(x,p)> °f Ext p (X, P) trigger a con- 
densation process because by eq. ( |2.21|) they are dual to elements in Ext 1 (X[l —p] , P). 
Hence they generate bound states with the brane, X[l — p], which is also massless at 
the conifold point. 

Thus the brane, Mq(P), transformed with respect to the conifold monodromy, 
arises from condensates of the probe brane, P, with the massless branes, X[n]. Each 
cohomology element in Ext 1 (X[n], P), or equivalently each cohomology element in 
Ext p (X, P), gives rise to a tachyonic open-string state along the path around the 



11 



conifold monodromy and triggers a condensation. The presented heuristic arguments 
motivate the formula for the conifold monodromy as proposed by Kontsevich p5| , |46[ 



M C (P) = Cone(ev : hom(X, P) <g> X -> P) . 



(3.6) 



Here X is the brane, which becomes massless at the conifold point, hom(X, P) denotes 
the graded complex 



-> Hom(X, P) -> Ext^X, P) -> Ext 2 (X, P) 



(3.7) 



and ev is the evaluation map with respect to the elements of Ext p (X, P). 



The formula (|3.6| ) looks rather superficial. However, in the language of matrix 
factorizations one can evaluate this equation by a straight forward algorithm: 

(i) Determine the brane, X, or rather the matrix factorization, Qxi which becomes 
massless at the conifold point. This is the D-brane, which in the geometric regime 
fills the entire compactification space and has no lower-dimensional brane charges 
4^,40], e.g. the pure D6-brane for the quintic threefold or the pure D2-brane for the 



two-dimensional cubic torus. 

(ii) Compute a basis of the open-string cohomology elements, Ext 1 (X[l — p], P) ~ 
Ext p (X, P). We denote the basis elements by 0? , i p = 1, . . . , b p , p = 0, . . . , D, where 
bp is the dimension of the cohomology group, Ext p (X, P), and D is the complex 
dimension of the compactification space in the large radius regime. Recall that due 
to the Calabi-Yau condition we have the relation, D = d — 2, with the degree, d, of 
the Landau- Ginzburg superpotential. 



(Hi) In the last step we construct the cone ( |3.6|) with the matrix representation of 
the basis, <d p , and obtain the matrix factorization of the brane, Mc(P): 



Q 



M C (P) 



(Qp 0? eo 

Q X [i] 
Q x[1] 





V o 













U &D-1 











\ 



Qx[l-D] o 

Qx[l-D] ) 



(3. 
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Finally let us briefly comment on the inverse conifold monodromy. If we encircle 
the conifold monodromy with the opposite orientation, then instead of the cohomology 
elements, @(x,P), their Serre dual cohomology elements, 0(p,x)j become tachyonic 
and trigger a bound state formation. Thus the inverse conifold monodromy reads 



Mq\P) = Cone(ev : P -> hom(P, X) ® X) , 



(3.9) 



which translates into the matrix factorization expression 



71 ,1 



M~/(P) 



( Qx[-i] 












Qx[-i] 











Qx[d-i) ©f c 
Qp ) 



(3.10) 



Here the cohomology elements, 0? , i q = 1, . . . , b q , q = 0, . . . , D, constitute a basis 
of the open-string states, Ext 1 (P a , X[q — 1]) ~ Ext q (P a , X). Due to Serre duality, 
i.e. Ext 9 (P a , X) ~ Ext D ~ g (X, P a ), the multiplicities, b q and b^-q, coincide, and the 
cohomology elements, , can be chosen to be Serre dual to the elements, ■ 



One can check that the two monodromy action ( |3.8| ) and ( |3.10| ) are indeed inverse 
to each other. 



3.4- Large radius point monodromy 

Next we turn to the large radius monodromy, which we deduce indirectly. En- 
circling first the conifold point and then the Landau-Ginzburg point is equivalent to 
going around the large radius monodromy in the reverse orientation (cf. [b ig. 1| (b)). 
Therefore from the knowledge of the Landau-Ginzburg and the conifold monodromy 
we readily compute the large radius monodromy 

M~^(P a ) = (M LG o M c )(P a ) , M LR (P a ) = (M" 1 o M£*){P a ) . (3.11) 



Note that a similar strategy has been employed in refs. |28| , P9lp0l , where the Landau 



Ginzburg monodromy is calculated from the large radius and the conifold monodromy. 
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4. D-brane monodromies of the cubic torus 



As our first example to study D-brane monodromies serves the cubic two- 
dimensional torus, which in the geometric large radius regime arises as the cubic 
hypersurface 

W(x) = x\ + x\ + X3 - 3 a , (4.1) 

in the projective space, CP 2 . Here the parameter, a, is the algebraic complex structure 
modulus, which is related to the flat modulus, r, of the two-dimensional torus in terms 



of the modular invariant j-function as [34]] 

3a(a 3 + 8; 



J(r) ■ (4.2) 



a 3 -l 

In the Landau- Ginzburg phase the relation ( |4.1| ) becomes the cubic superpotential of 



the Landau-Ginzburg orbifold [JE4J, where the orbifold group, Z 3 , acts according to 
eq. ( jOg) as 

xi (— > u) X£ , u> = e~ , fc 6 Z3 . (4-3) 

The aim of this section is to analyze D-brane monodromies acting upon the 'long' 
and 'short' branes, which are represented by matrix factorizations in the Landau- 
Ginzburg phase of the cubic torus. As we will see the result carries the signature 
of the underlying gauged linear cr-model, and we will exhibit the relationship of the 
monodromies in the linear a-model Kahler moduli space as depicted in [Fig. 1| (a) to 
the monodromies in the Teichmiiller space of the two-dimensional torus. 



4-1. Matrix factorizations of the cubic torus 



The matrix factorizations of the cubic torus are discussed in detail in refs. ||T6| , |T7H . 
Here we briefly review the matrix factorizations of the 'long' and the 'short' branes, 
as we will study their monodromy transformations. 

The matrix factorization of the three 'long' branes, L a , of the cubic torus is 



described in terms of the 3 x 3-matrix pair [16| 



Jl 



—G 1 

cti 23 
213 
2 



— G 21 

ct2 31 



J_C312 

0:3 213 



1 r«3 
—G 123 

ai 213 
1 (27213 
a 2 123 



—G 2 

— G 312 
ct3 123 

J_(7 12 3 



Q'l 



r 312 



a.\ X\ Ct<i Xj, 

E T , = I a 3 x 3 ai x 2 
a 2 x 2 «3 xi 




(4.4) 



14 



with the quadratic polynomials 

GijC = — — XjXk , G l j k = Grfjk = xf — 1 XjXk ■ (4.5) 
The parameters, ag, are subject to the constraint 

= oli + a 2 + a 3 — 3 a aia 2 a 3 , (4-6) 

and they encode the open-string modulus of the 'long' branes, which (projectively) 
parametrize a continuous family of gauge-inequivalent matrix factorizations. The 
£7(1) representation ( |2.10|) of the R-symmetry for the 'long' branes reads 

p L {9) = Diag(l 3X 3, l 3x3 ) ■ (4.7) 
and we immediately obtain with eq. ( |2.15| ) the three equivariant representations 

i#» = U ak l 3 x3 , Ri" = ^ (a+2)fc 1 3 X3 , (4.8) 

with oo = e^r. The label, a, distinguishes the three 'long' branes, L a , in the equiv- 
ariant orbit of the matrix factorization ( |4.4| ). 



Similarly, the 'short' branes, S a , of the cubic torus are given by the 2 x 2-matrix 
factorization |16 



L\ F2 \ ( F\ —F2 



with the linear entriesi 

Li = a 3 xi - a>ix 3 , L 2 = a 3 x 2 - a 2 x 3 , L 3 = a 2 xi - ol\x 2 . (4.10) 

and the quadratic polynomials 

1 2 at! a\ a 3 1 2 

Fi = X X + -o XiX 3 o X 2^3 - „ X 2 X 3 - X 3 , 

a 3 «3 aia^ la\a 2 lot\ 

1 2 a 2 a\ a 3 1 2 

t 2 = X 2 H 2 X 2^3 2 XlX3 ~~ o 3:1X3 ~ o X 3 ■ 



(4.11) 



We introduce also the linear polynomial, L3, for later convenience. 
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Note that, as for the 'long' branes, the open-string parameters, ag, are constrained by 
eq. Q4.6Q , and they also projectively parametrize a continuous family of 2 x 2 factor- 
izations ( |4.9| ). For the 'short' branes the U(l) R-symmetry representation becomes 



p L {9) = Diag(l 2X 2, e s ,e ! 



(4.12) 



and we obtain with eq. (|2.15|) the three equivariant 'short' branes, S a , distinguished 
by their Z3 representations 



Rn 



l 2x2 , flf. = u ak Vmg(u k ^ 2k ) 



(4.13) 



with u = e 3 , 



Finally we introduce the exceptional 4 x 4-matrix factorization, which contains 
the pure D2-brane in its equivariant orbit |L7| 



Jx 



X\ 

x 3 



-Xi 



x\ — a X1X2 



-x 2 
-x\ + a X1X2 




-x 3 \ 

x\ — a X1X3 
—x\ + ax 2 x 3 



—X2 + a X1X3 x\ — a X2X3 







/ 



/ 







1 I 



E 



x 



-xf + a X2X3 
-x\ + a X1X3 
\ —x\ + a x\X2 



a X2X3 


-X3 

X2 



a X1X3 

x 3 





X3 — ax\X2 \ 

Xi 





(4.14) 



/ 



This matrix factorization does not depend on any open-string moduli, but it arises in 
the limit where the 3x3 factorization (fOj) becomes singular as one of the open-string 
parameters, ag, approaches zero JITf! - The U(l) R-symmetry representation ( |2. 10| ) is 
given by 

p L (9) = Diag(e a i £ , l 3x3) e"^, l 3x3 ) , (4.15) 
and the resulting three equivariant representations read 



R*° = u; afc Diag(cA l 3 x 3 ; 



Rf* = u ak Diag(u k , u 2k l 



3x3 y 



(4.16) 



which label the branes, X a , in their equivariant orbit. 
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4-2. Conifold monodromies of the Hong' and 'short' branes 



Next we turn to the computation of the D-brane monodromies in the language of 
matrix factorizations. As discussed in section |^, the monodromy about the Landau- 
Ginzburg point arises canonically in the context of equivariant matrix factorizations 
whereas the monodromy about the large radius point is computed indirectly with 
eq. ( |3. 1 1| ) from the Landau- Ginzburg and the conifold monodromy. Therefore we first 
analyze the monodromy about the conifold point. 

Following our recipe for the conifold monodromy outlined in section |3.3| we need 



to determine the open-string states stretching between the transported brane and the 
branes, X[n], which become massless at the conifold point. On the cubic torus we 
expect the pure D2-brane to become massless.@ In terms of matrix factorizations the 
D2-brane is realized as one of the branes in the equivariant orbit of the exceptional 
matrix factorization ( }4.14j ): 

Qx = Qxi ■ (4-17) 

The open-string states between the brane, X, which becomes massless at the coni- 
fold point, and the 'long' and 'short' branes are depicted in the Quiver diagram 
Fig. 2| ||17|| . The explicit matrix expressions for these open-string states are collected 



in Appendix A. 

First we compute the conifold monodromies of the 'short' branes. The quiver 
diagram shows that between the the D2-brane, X, and the 'short' brane, Si, there 
is a single bosonic open-string state, $(x,Si), explicitly given by the matrices (A. 10). 
Thus applying formula ( |3.8j ) for the conifold monodromy we obtain the factorization, 
Qm {Sx)-i f° r the transformed brane, Mc {Si), 

= ( Q o' %T) ' (418) 

Here we use the relation, Hom(X, Si) — Ext 1 (A > , Si), and by slight abuse of nota- 
tion, we denote both the bosonic and fermionic open-string states of Hom(X, Si) and 
Ext^X^byc&p^)- 



7 Strictly speaking the massless brane at the conifold point depends on the path in the 
Kahler moduli space, on which we approach the conifold point. Here we approach the conifold 
point directly without encircling any other singular points. 
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— V- Hom(X, •) — Ext^A", ■) 




Fig. 2: The quiver diagram displays the fermionic (solid red lines) 
and bosonic (dashed blue lines ) open-string states stretched between 
the D2-brane, X, and the branes, L a and S a , on the cubic torus. 
The states, Ox, and lx, drawn in light colors, only appear in the 
open-string moduli space of the 'long' brane, L\, where the brane, 
L\, is equal to the exceptional D2-brane, X, cf. ref. { 17}. 



We can further simplify the factorization (|4.18|) by applying a gauge transfor- 
mation ( |2.2| ) and by subtracting trivial brane-anti- brane pairs ( |2.22| ). In order to 
keep track of the grading and the equivariant label we also need to simultaneously 
transform the U(l) R-symmetry representation ( |2.1U| ) and the equivariant represen- 
tation ( |2.15|) . After a few steps of algebra we obtain that the matrix factorization, 
Qm c (Si)i i s equivalent to the factorization, Qs 3 [2]- Thus we have the relation: 

Mc(Si) = S 3 [2] . (4.19) 



Next we consider the monodromy of the 'short' brane, S2, about the conifold 
point. There are two fermionic open-string states, ^ x s \, k = 1, 2, given in eqs. (A. 7) 
to (A. 8), which contribute to the factorization, Qm c (s 2 ), 

*(X,S 2 ) *(X,5 a ) , 

M C (S 2 ) = J Q x I . (4.20) 

Qx 
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Analogously as before this expression is further simplified by gauge transforma- 
tions ( |2.2| ) and by subtracting trivial brane-anti-brane pairs ( |2.22|) . This reduces the 
10 x 10-matrix factorization (|4.20|) to a 7 x 7-matrix factorization, which explicitly 
reads: 



J 



M C (S 2 ) 



E 



M C (S 2 ) 



( 











1 

«2 




G 23 


a l a 2 a 3 
1 f~*2 


1 

"1 


G 13 


i n'i 


ct i a 


2 r 13 


a 2 r l 


°i 


U 12 





a X a 2 a 3 




ot \ ot 2 ol 3 

x 2 
a X a 2 a 3 

a 2 Ql 
ai Qq 23 



*1« 3 
^3 



i 2 



- 3 ^-.1 
l 2 ( - T 23 



2 2 
n l°2 



'12 

-,2 



3 ^-.2 
1 G 13 

010203 Goc 



010203 G 13 
"10203 
010203 G? 2 



2 2 



*1 ^13 



V 



Q10203 G 13 

a 2 G 23 
010203 G12 





G 23 



"l a 3 



*1 r 2 

31 1 T 
T -^1 



1 2«3 



1 



L 2 



2 

t"2 a 3 
02 £1 



— o 2 x 3 


02 X 2 






x 2 01 

— Oi x 3 





01 xx 




a l a 2 a 3 






^3 



a-i a<-> Oi'i 



a X ol 2 a 3 




*2 

%G 



Goo 



ax ^23 



Gi 



Hx 
H 3 













-^F 2 










if! 

12 







o- 3 - Mx 


\ 







02 2:3 


— o 2 M 2 









-01 Mi 


o 2 x 3 






— Q3 X3 


O1Q2 X 3 


0203 Xl 






03 Xl 


o 2 x 2 


-ai M 3 






03 X 2 


— o 2 M 3 


11 









— oi L 2 


02 £1 


/ 





(4.21) 

Here we write the entries of the matrices in terms of the linear and quadratic 
terms ( |4.10| ) and Q4.11|) and the polynomials 



#1 

Mi 



a.2 
a 3 



a 3 

2aJ 



2 2 

X\ OL\ X2 

«1 OL20.2, 



ai x\ xxx 2 

2 ' 
a z 2 



2 22 
«2 xf ai xi 



ai«3 2afa 2 



a\ 



a 3 



a? 



a 2 X2 



+ 



CK3 xi + ai £3 



^3 
2a 3 
M 2 



a? 



«2 



. 2 a 3 

03 X 2 + «2 ^3 



a 3 


a\ 


/ «2 




U 


2a? ; 




XiX 2 


«3y 


«lQ: 2 a3 



CK3X1X3 Qfia3X 2 X3 

2a| • 

a 3 x 2 x 3 



X1X3 + 



+ 



a\x\Xj, a 2 X2X3 



a: 



<4 



ai x\ + <x\ X2 



(4.22) 

The C/(l) R-symmetry representation and the equivariant representation for the ma- 
trix factorization fl4.21| ) for the brane, MciSi), becomes 



Pmc(s 2 )(°) = Diag(l 2X 2 



2i0 

e~— 1 



5x5, e 



- 1 



7x7) 



(4.23) 
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and 



R 



M C (S 2 ) 



Diag(o; 2fc l 2x2 , u K l 5x5 ) 



R 



M C {S 2 ) 



L 7x7 



(4.24) 



For the 'short' brane, S3 [2], the quiver diagram Fig. 2| reveals one bosonic open- 
string states, $(x,s 3 [2])- By shifting the grades along the lines of eq. ( |2.21| ) this bosonic 
open-string state is mapped into the cohomology group, Ext 1 (X[— 2], S3). Then it 
describes a fermionic open-string state stretching from the anti-D2-brane, X[— 2], to 
the 'short' brane, S3. Therefore the conifold monodromy acts upon the 'short' brane, 
S3, as 



Qm c (s 3 ) 



Qs 3 $ 




(X,S 3 [2)) 



(4.25) 



Qx[-2] 

with the matrix (A. 11) for &(x,S 3 [2])- We simplify this 6 x 6-matrix factorization with 
an appropriate gauge transformation ( ^.2| ), and we subtract one trivial brane-anti- 
brane pair ( p.22 ) to arrive at the 5 x 5-matrix factorization: 



J 



M C (S 3 ) 



E 



M C {S 3 ) 



( ~OL 2 L^ 
<X\L 2 










a ^ G 23 

— G 2 

ol 2 13 

1 q3 
ol 3 12 



a\(ct 2 x 3 — ot\x2^ 



2 3 



0:3X3 
— 0:22:2 



a\ct 2 x\ -aji2 

02(03X3— o^xi) 
-a 3 x 3 


aiXi 



a t a ? 2 \ 

2^-Il + -fl3-Q 2 a 3 l2 \ 

<y.\ a? 2 

2^- x 2 + -f- x 3 -a 1 03X1 
a 2 x 2 
— aixi 




/ 


-^ F1 

a 2 


J-F 2 

a i z 




K 2 


K 3 










aixi 


a 2 x 2 


a 3 x 3 




J-^2 


j J^i 

a 3 


4 


1 ^-,3 , «i n \ 


1 £,2 a 1 oi 
a 2 13 a 3 




x 2 r„ 
T^2 


<*2 X 2 T 

A J^l 


1 r* 3 "2 /^<2 
«3 12 ^|"° 23 


^|2L! 

a 3 


^^23 + Q 3 
3 


V 


S -T L 2 


x 3 T , 

3 ^1 

a i a 5 


1 f~, 2 ,a 2 „ 3 
^7 Ll 13 + -T ( - I 23 

a 3 


1 n 1 a i r< 3 
'srr L;r 23 'rr°'i3 

3 


3 



2 r l 
_ljr 12 

G 12 



/ 

(4.26) 



The entries of this matrix factorization are abbreviated by the polynomials ( |4. 10| ) - 
( Pll ) and (|3]) and by 



K 3 



3 

2 



«3 X 



2ai«2 2«i 



Ctg xf 



C*3 X§ «i X\Xi 
Oil XiX 2 



a 3 x\ 



2a{at2 2a 2 
Qfl x 2 Ct2 x 2 



+ 



«3 £1X3 
«3 



+ 



a 3 2a 2 



X1X3 03 X 2 X 3 



a% ) x\X2 03X1X3 



«3 



« 3 



ai«2 



2a x 



2ai J 012 

03X2X3 
2a 2 



2a| 



(4.27) 
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The U (1) R-symmetry representation of the transformed 'short' brane, Mc(Ss), which 
is associated to the simplified factorization ( |4. 26| ) , is given by 



ie ie 



Pm c (s 3 ){Q) = Diag(l 5X 5, e 3 , e 3 , e 3 i 3x3 ) , (4.28) 
whereas the Z^-equivariant representation becomes 

< /c(S2) = l 5 x5 , < c(S2) = Diag( W * u?\ u k 1 3X3 ) ■ (4.29) 

Now we turn to the analysis of the monodromy about the conifold point acting 
on the three equivariant 'long' branes. The quiver diagram |Fig. 2| shows again the 



open-string spectrum, which is relevant to evaluate the conifold monodromy for the 
'long' branes. The matrix representations of these open-string states are collected in 
Appendix A. 

First we consider the 'long' brane, L\. At a generic point in the open-string 
moduli space there are no open-string states stretching between the pure D2-brane, 
X, and the 'long' brane, L\. Therefore the monodromy about the conifold point 
leaves the 'long' brane, L±, simply invariant: 

Mc(L t ) = L x . (4.30) 

However, if we choose the open-string modulus such that the factorization (4.4|) of 



Li becomes singular, i.e. if one of the open-string parameters, ag, in the factoriza- 
tion (fOj) approaches zero, then, as discussed in ref. the factorization of the 



'long' brane turns into the exceptional matrix factorization Q4.14|) of the brane, X\. 
Hence at this exceptional point in the open-string moduli space the 'long' brane, L±, 
coincides with the pure D2-brane, X\, and as a consequence the (bosonic) identity 
operator, lx, and its fermionic Serre dual operator, Ox, appear in the open-string 
spectrum ( cf. [Fig. 2j ) .1 Thus at this point in the open-string moduli space the conifold 
monodromy acts upon the 'long' brane, L\ = Xi, as 




Qm c { Xi ) = Q x . (4.31) 



8 Note that as the bosonic and the fermionic open-string states arise simultaneously, the 
index of the open-string spectrum remains invariant over the open-string moduli space. 
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This factorization actually simplifies to again the factorization, Qx x , by applying a 
gauge transformations ( |2.2j ), which allows us to drop eight trivial brane-anti-brane 
pairs ( |2.22| ). Thus at all points in the open-string moduli space the relation ( |4.30| ) 
holds because also the exceptional 'long' brane, X\, undergoes the conifold mon- 
odromy unchanged. 

The open-string spectrum between the D2-brane, X, and the 'long' brane, L2, 
consists for all open-string moduli of three fermionic open-string states, ^f^ x Lz y k = 
1,2,3 (cf. [Fig. 2|) , given in eqs. (A.l) to (A. 3). Therefore with eq. (|3.8|) we find for 
the conifold monodromy of the brane, L2, the factorization 

Q x 

Q x 





Qm c ( 



L 2 ) 



Qx 





(4.32) 



Qx I 



Analogously to the previous examples due to gauge transformations ( |2.2|) and due 
to equivalences arising from trivial brane-anti-brane pairs ( |2.22| ) this 15 x 15-matrix 
factorization simplifies to a 9 x 9-matrix factorization 

/ 



m c (l 2 y- 



( 



E 



m c (l 2 y- 



x 3 




x 2 





















o 








o 




^3 


x i 



































■n 


x 2 









r 2 
°13 


°23 







r 3 

G 12 


tt3G 23 


<*2G\ 2 







°>1 


"1 


"1"2 


a 3 




4 


"1"3 




r ,2 
G 13 





r 3 

°12 


G 23 


ai a\ 2 










ai G 2 3 




Q 3 G 2 3 


c*2 


a 2 


"1 


ct 2 ct 3 




4 




aia 2 


°23 


r 3 
G 12 








r 2 
G 13 


a3G ls 


a 


n 2 
1 G 13 







«2 G ?2 


a 3 


a 3 


a 2 


" 4 

a 2 x 1 x 2 


a 2 a 3 




4 




a 2 x l x 3 


a 3 x \ 


a 3 I l 3: 3 


x 2 
■' 1 


2 2 

a 3 X l 


T 3 




4 


«3 


4 


a 1 a 2 


4 

a 3 x 2 1: 3 


a 2 


°>1°>3 


■> 

a i a 2 


a l 




"1 


a l4 


X 2 X 3 


a 3 x±x 2 


a 1 x 1 x 2 


x 2 




x 2 
x 3 


2 2 
Q l x 2 




Tl 


a 2 a 3 


"1 


4 


a l a 2 


4 


«3 




an 


a 2 a 3 




<*2 


a Y x 2 x 3 




x±x 3 


a: 2 
,l 3 


"l^l^ 


a 2 x 2 x 3 




-12, 


4 




2 2 
a 2 3; 3 


4 


a l a 3 


a 2 


"1 


"2°3 


4 




a 3 


a 3 




a l a 3 


r 3 

U 12 


a 2 

— ^23 


a 1 r 2 
«2 13 





—a 2 x 2 


OL 3 X\ 















G 23 


"3 r<2 
a 2 °"13 


a 2 n 3 
a 3 <Jr 12 


aix 2 





— a 3 x 3 















r 2 
13 


"1 q3 
«3 12 


-^Gl 3 


— Qlll 


CK2Z3 





















r 2 








— aixi 


122:3 





—a 3 x 1 


ot 1 x 3 









r 3 
^12 





a 3 xi 





— 0:23:2 


a 2 x\ 





-axx 2 









G 23 





— a 3 x 3 


aio: 2 





-a 2 x 3 


a 3 x 2 















G 23 














a 2 x 3 


— a 3 x 2 












^2 
^13 











-a 1 x 3 





a 3 xi 


) 










(jr 12 











aix 2 


— a 2 x 1 








\ 



(4.33) 
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In these matrices we introduce in addition to the polynomials Q4.5| ) the quadratics 



2 + rp 2 <4 + <4 2 af + a| 

±1 = X\ X2X3 , ±2 = X 2 £1X3 , I3 = x 3 X1X2 ■ 

OLxOLiOL^ 0.10.20-3 aia2C*3 

(4.34) 

The U(l) R-symmetry representation for the matrix factorization Ql.33j ) becomes 

Pm c (l 2 ) = Diag(l 3 x3, e'^r l 6x6 , e"^ l 9x9 ) , (4.35) 
whereas the Z3 equivariant representation turns out to be 

R Ma(L 2 ) = mag(a; 2 fc u k lgx6) f R Mc(L 2 ) = ^ _ (4 _ 36) 



Finally let us turn to the conifold monodromy acting on the remaining 'long' 
brane, L3. From the Quiver diagram |Fig. 2| we extract that there are three bosonic 



open-string states, L r 2 ])i fc = 1, 2, 3, given by eqs. (A. 4) to (A. 6). Similarly to the 
analysis of the 'short' brane, S3, using eq. (|2.21|) we map these bosonic open-string 
states to fermionic open-string states stretching between the anti-D2-brane, X[— 2], 
and the 'long' brane, L3. Then, with slight abuse of notation for these fermionic 
states, we write the conifold monodromy action upon the brane, L3, as 



Qm c (L 3 ) 



(Q Lz $1 [2]) 

Qx[-2] 



V 





Qx[-2] 





$ 3 



(X,L 3 [2])\ 




Qx\-2] 



J 



(4.37) 



With the help of gauge transformations and factorization equivalences this 15 x 15- 
matrix factorization reduces to a 12 x 12-matrix factorization, which in terms of the 
quadratic polynomials Q4.5|) and 



^23 



^23 



o- 



«i«3 



-X2X3 , G 2 



13 



^13 



a 



0\02 



X\X2 , (5j 2 



U 12 



2 

o\ 

O2O3 



-X\X2 , 

(4.38) 
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can be written as: 
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Furthermore, the U(l) R-symmetry representation reads 

T-> / — — — \ 

Pm c (l 3 ) = Diag(li2xi2, e 3 l 3x3 , e 3 l 9x9 ) , 
and the Z 3 equivariant representation is given by 

-Kq — -1-12x12 , -Ki — -Uiag(w ±3x3, U i-9x9) ■ 



(4.39) 



(4.40) 



(4.41) 
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This completes the calculation of the conifold monodromy acting on the 'long' 
and 'short' branes. In the next section these results serve as our starting point to 
analyze the remaining monodromies and in discussing global properties of the Kahler 
moduli space. 



4-3. D-brane monodromies of the 'long' and 'short' branes 



With the analysis of the monodromy about the conifold point performed in the 
previous section we can now discuss the remaining Kahler moduli space monodromies. 
The monodromy about the Landau-Ginzburg point from the perspective of equivariant 
matrix factorizations is straight forward as it simply shifts the equivariant label of the 
brane. In practice this amounts to multiplying the equivariant Z3 representation of the 
factorization with u = e 2 ^ along the lines of eq. ( |2.16| ). Hence the Landau-Ginzburg 
monodromy acts upon the defining data of the brane, P, simply by 

I Qp \ ( Qm^(p) \ ( Qp \ 
M LG : p P h+ PAf LG (P) = p P • (4.42) 

\R p (k)J \R M ^(P)( k )J \uj k R p (k)J 

Here P represents any equivariant brane, in particular any of the 'long' and 'short' 
branes, S a and L a . 



Along the lines of eq. ( 3.11 ) we combine the conifold and the Landau-Ginzburg 
monodromy to deduce the action of the inverse large radius monodromy.i Thus 
together with eq. ( |4.42|) we obtain for the inverse large radius monodromy of the 
brane, P, 

Qm c (p) 

M LK I PP I ^ I P M^(P) I = I PMc(P) I • (4-43) 





k R M c p (k) 



9 In order to get the large radius monodromy one needs to compute according to eq. ( |3.11| ) 
the inverse conifold monodromy. In this work we do not present this computation explicitly 
as it does not lead to further insight compared to the computation of the inverse large radius 
monodromy. 
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Brane P a 


ch LR (P a ) 


M C (Pa) 


ch LR (M c (P a )) 


^lr(^) 


ch hR (M-i(P a )) 


L x 


(1,0) 


Li 


(1,0) 


L 2 


(1,-3) 


L 2 


(1,-3) 


M C (L 2 ) 


(4, -3) 


M^(L 2 ) 


(1,-6) 


L s 


(-2,3) 


M C (L 3 ) 


(-5,3) 




(-2,9) 


Si 

s 2 
s 3 


(0,1) 
(1,-2) 
(-1,1) 


^3 [2] 
M C (S 2 ) 
M C (S 3 ) 


(-1,1) 
(3,-2) 

(-2,1) 


Si 

M^(S 2 ) 
M^(Ss) 


(0,1) 
(1,-5) 
(-1,4) 



Table 1. Conifold and large radius monodromies acting on the 'long' 
and 'short ' branes, L a and S a , of the two-dimensional torus together 
with their RR charges. 



The Landau- Ginzburg monodromy and the large radius monodromy does not 
introduce new matrix factorizations, Q, but instead modifies the equivariant repre- 
sentation, R, of the branes. The transformation behavior of the 'long' and 'short' 
branes is summarized in liable 



In this table we have also included the large radius RR charges. These charges 
are computed by a set of disk correlators, where we insert a basis of RR ground states 
in the bulk and where the brane data enters in the boundary condition of the disk. 
In the context of matrix factorizations these disk correlators are computed by the 
residue formula [M^M5LFi3~ 



1 



(l;a\P) = -rRes W! [#*Str ((R^idQp^)} . 



(4.44) 



Here \P) is the boundary state of the brane, P, and \l;ce) denotes a basis of RR ground 
states, which are labeled by the twisted sectors, I, whereas the label, a, distinguishes 
further the RR ground states in each twisted sector. The integer, n, denotes the 
number of untwisted fields, X£, in each twisted sector, /. The details of the disk 



correlator are explained in ref. ||33|| . For us, however, it is important to note that all 
correlators ( [4.44j ) for ri ^ vanish for both the cubic torus and the quintic Calabi-Yau 
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hypersurface. Hence we only need to evaluate the correlators with n = 0, for which 
the residue formula reduces to \E3 



(l;0\P) = Str [(R p ) 1 ] . (4.45) 

For the cubic superpotential (|4.1|) all untwisted fields vanish, i.e. r\ = 0, in the 
sectors, I = 1, 2, and hence the only potentially non- vanishing disk correlators on the 
cubic torus are (1;0|P) and (2, 0|P). Thus we readily obtain the RR charge vector, 
ch LG (P), 

ch LG (P) = «1;0|P) , (2;0|P» = (Str [R p ] , Str [(R P ) 2 }) . (4.46) 

Note that these charges are given in the basis which arises naturally at the Landau- 
Ginzburg point in the Kahler moduli space. However, in order to gain some geometric 
intuition we want to relate these charges to the large radius charge vector, cIilr(P), 

ch LR (P) = (r,c x ) . (4.47) 

Here, r is the D2-brane charge and c\ is the DO-brane charge. Geometrically these 
two quantities correspond to the rank and the first Chern class of the bundle date 
associated in the large radius regime to the brane, P. The two charge vectors, cIilg(P) 
and cIilr(P), are related by the 2 x 2-transformation matrix, S, 

ch LR (P) = ch LG (P)-S . (4.48) 

Thus in order to calculate the large radius charges of any equivariant factor- 
ization, we need first to determine the matrix, S. We know that the pure D2- 
brane in the large radius regime is represented by the brane, X±, and hence has 
the charge, cIilr(Xi) = (1,0). Furthermore, the matrix factorization, X2, is in the 
same equivariant orbit and has according to refs. []T6|JT^1 the large radius charges, 
c1ilr(X2) = (1, —3). By comparing with the Landau- Ginzburg charges Q4.45| ), 

ch LG (X!) = (3-3<j 2 ,3-3<j) , ch LG (X 2 ) = (-3a; + 3cu 2 , 3u - 3u 2 ) , (4.49) 
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we readily determine the transformation matrix, S, to be 

(4.50) 




With the explicit expression for the transformation matrix, H, we can now compute 
with eqs. (|4.46| ) and (|4.48| ) the large radius charges for all the factorizations collected 



in Table 2. 

Let us know take a closer look at the transformation behavior of the individual 
branes listed in Table 2. In the previous section we have already seen that the 'long' 
brane, Li, is not affected by the conifold monodromy. Therefore the large radius 
monodromy maps the 'long' brane, L\, to the 'long' brane, Li. 

The 'short' brane, Si, is the pure DO- brane in agreement with its large radius 
RR charges, and its open-string modulus parametrizes the position of the DO-brane 



on the two-dimensional torus [|R^|T7|| . With respect to the large radius monodromy 
the brane, Si, remains invariant. This is precisely the transformation behavior we 
expect because the large radius monodromy corresponds to an integer shift of the B- 
field. But on the point-like worldvolume of the brane the B-field has no support and 
therefore the DO-brane, Si, remains unchanged. Note also the interplay of gradings 
among the different monodromies. The conifold monodromy shifts the grade of Si by 
two to S3 [2] (cf. eq. ( J4.19|) ) , which is again compensated by yet another shift ( |2.19| ) of 
—2 resulting from the Landau- Ginzburg monodromy. Hence the inverse large radius 
monodromy ( |3.11| ), as arising from the composition of the other two monodromies, 
does not modify the grading of the DO-brane, Si. 

For all the branes listed in Table 2 we observe that the large radius monodromy 
transforms the large radius RR charges as 

®£~ 3 : (r, ci) -> (r, a - 3r) . (4.51) 

This transformation behavior is natural from the gauged linear a-model point of 
view, in which the large radius monodromy shifts the B-field of the cubic torus by 
the two form, O, induced from the generator of _ff 2 (CP 2 ,Z) of the ambient space, 
2 . Note, however, that the generator of i7 2 (T 2 ,Z) is the two-form, -|0, instead 
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of the induced two- from, O. Therefore the large radius monodromy in the linear a- 
model corresponds to tensoring with the line bundle, £ 3 , where £ is the line bundle 
of the torus with first Chern number one. Hence, encircling the inverse large radius 
monodromy is associated with the tensor product by the bundle, £ -3 , which generates 
the transformation ( |4.51| ) for the RR charges. 

Although the gauged linear cr-model favors a shift of the B-field induced from 
the ambient space, we would expect that the large radius monodromy of the two- 
dimensional torus is generated by tensoring with the line bundle, C However, the 
moduli space, as analyzed from the gauged linear cr-model, does not reveal the whole 
structure of the Teichmiiller space of the two-dimensional torus. The relationship to 
the Teichmiiller moduli space is further analyzed in the next section. 

4-4- Teichmiiller and gauge linear a-model moduli space of the cubic torus 

The Kahler moduli space of the two-dimensional torus is parametrized by the 
fundamental domain of its Teichmiiller space (c/. [Fig. 3| (a)). Due to the identifications 
in the fundamental domain the Teichmiiller space has three singularities, namely a 
Z,4-orbifold point, P4, a Zg-orbifold point, Pq, and the point, P^, of infinite order 
1 33. 

Here we are interested how these singularities generate monodromies acting upon 
the RR charges of the toroidal B-branes. The monodromies, however, are most easily 
determined on the mirror torus, where the B-branes with RR charges, (r, ci), are 
mapped to A-branes realized as special Lagrangian submanifolds with winding num- 
bers, (p, q) J|9| . On the mirror side the monodromies are generated by encircling 
the corresponding singularities in the complex structure moduli space, which, for the 
torus, is identical to the Teichmiiller space depicted in [Fig. 3| (a). Thus we are able to 
determine geometrically the effect of the monodromies by simply tracing the fate of 
the winding numbers as we encircle the singularities in the complex structure moduli 
space, and we obtain 




(4.52) 



with P4 = 1 2X 2 and P| = 12x2- 
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(a) Poo (b) Poo Poo P c 

X XXX 




Fig. 3: (a) The figure shows the fundamental domain of the Teich- 
miiller moduli space. Its boundaries are identified according to the 
black arrows. These identifications generate the three singularities, 
P4, Pe, Poo, indicated in red. (b) Here we illustrate the Kahler 
moduli space of the cubic torus as seen from the gauged linear u- 
model, which is a fourfold cover of the fundamental domain. In 
blue we show the path associated to the large radius (LR) and the 
conifold (C) monodromy in the gauged linear a-model. 



Finally we want to make the connection to the gauged linear c- mo del Kahler 
moduli space. In the previous section we have shown that the large radius monodromy 
shifts the first Chern number by multiples of three. Hence, so as to generate the large 
radius monodromy of the cubic torus we should encircle three times the singularity, 



Poo, in the Teichmiiller space. Furthermore, taking again a look at [Table 1| we observe 
that the conifold monodromy shifts the rank, r — > r — c\, by the first Chern class, 
c\. Thus we should also identify the conifold monodromy with the singularity, Poo- 
However, compared to the large radius monodromy the roles of the rank, r, and the 
Chern number, ci, are interchanged, and hence we identify the conifold point with the 
singularity, Poo-, which in the covering space of the Teichmiiller space is S-dual to the 
large radius singularity, Poo- To summarize we can view the Kahler moduli space of the 
gauged linear cr-model of the cubic torus as the fourfold cover of the Teichmiiller space 
depicted in |Fig. 3| (b), where three fundamental domains are related by translations 
and where one fundamental domain is S-dual to one of the three others. 

Let us now qualitatively relate the Teichmiiller monodromies to the linear cr- 
model monodromies. In Fig. 3 (b) the paths around the large radius and the conifold 
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monodromy are also drawn and they gives rise to the relations Mlr = P^ and 
Mq = P^PooP^ 1 . The Landau- Ginzburg monodromy from the linear a-model point 
of view must then be comprised of the monodromies around the singularities which 
are traversed if we deform in [Fig. 3| (b) the conifold contour into the large radius 
contour. This procedure yields Mlg = {P^P^Pl P&P^ 1 ■ Using the matrices ( |4.52| ) 
we explicitly obtain: 

M LR = ~fj , M C = (J J) , M LG = ("J ^ . (453) 

It is easy to check that M^q = 1-2x2 and that the matrices reproduce the RR charge 
transformations listed |Tabie 1. 



5. D-brane monodromies of the quintic Calabi-Yau hypersurface 

The quintic Calabi-Yau threefold serves as our second example in studying D- 
brane monodromies. At the large radius point the quintic hypersurface is realized as 
the zero locus of the quintic polynomial, 

5 

W(x) = x\ — 5 1/^x1X2X3X4X5 , (5-1) 
i=l 

in the complex four-dimensional projective space, CP 4 . The 101 complex structure 
deformations of the quintic threefold are captured by homogeneous deformations of 
the polynomial ( |5.1j ). For simplicity we exhibit here only the dependence on a single 
complex structure modulus expressed in the algebraic variable, ip. 

The Kahler moduli space of the quintic Calabi-Yau threefold is complex one- 
dimensional and has the structure alluded in section |3.1| . In the Landau- Ginzburg 
phase of the Kahler moduli space the degree five polynomial ( |5.1| ) becomes the super- 
potential of the Landau- Ginzburg orbifold JTJ]], where the Z 5 orbifold group acts on 
the Landau- Ginzburg chiral fields, xi, as 

X£ I— > u k X£ , io = e~ , k G Z5 . (5-2) 

Thus at the Landau- Ginzburg point of the quintic threefold we adequately represent 
branes in terms of Zs-equivariant matrix factorizations of the quintic polynomial ( |5.1| ) . 
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5.1. Matrix factorization of the quintic threefold 



First we introduce the canonical matrix factorization of the quintic superpoten- 
tial (|5.1| ). The homogeneous polynomial, W, factors as W = g^^oljW, which 
directly yields the canonical matrix factorization, Qx, 

Qx = J2 ( x ^ + \ d ^l) ■ ( 5 -3) 

Here 7tg and 7f£, I = 1, . . . , 5, are five pairs of boundary fermions, which obey 

{7r^,7r fc } = Sik , {7r e ,iTk} = 0^,7ffc} = . (5.4) 

These fermions are explicitly realized as a 32 x 32-matrix representation of this Clifford 
algebra, and they allow us to express the linear involution, ax , of the canonical matrix 
factorization as 

5 

a x = Y[ i^i + ni) (ni ~ Ki) ■ ( 5 - 5 ) 

The matrix, ax, is the chirality matrix of the Clifford algebra. If we choose a matrix 
representation for the Clifford algebra ( |5.3| ) such that the involution, ax, is block 
diagonal, i.e. ax = Diag(li6xie 5 — Ii6xi6) ? then the 32 x 32 matrix, Qx, decomposes 
into 16 x 16 blocks according to eq. ( |2.6|) . We arrive at a 16 x 16-matrix factorization 
in terms of the matrix pair, (Jx, Ex)^ 

The next task is to determine the U(l) R-symmetry representation for the canon- 
ical factorization. As the matrix factorization, Qx, and the chiral fields, X£, have 
R charges +1 and +| the boundary fermions, %£ and tt£, carry R charges, +| and 
— |, respectively. Therefore along the lines of eq. ( |2.10| ) the representation, pxifi)y 
must act on the boundary fermions as 

px{0)Ti£p x l {9) = e^iTi , px{9)Txip x 1 {9) = e'^ni . (5.6) 



10 



Note that also the exceptional factorization ( 4.14j ) of the cubic torus is the canonical 



factorization (|5.3| ) of the homogeneous cubic Landau- Ginzburg superpotential ( [4.1|) with 
three boundary fermions [17,21]. 
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Up to an overall phase factor these conditions determine the U(l) R-symmetry rep- 
resentation, px, to be 

px {fi) = e l ie (E,^^ + 1 32x32) _ (57) 

Then with eq. ( |2.15| ) we readily deduce the five equivariant Z5 representations, R Xa , 
for the five branes, X a , a = 1, . . . , 5, in the equivariant orbit of the canonical factor- 
ization ( |5.3| ) 

R Xa (k) = u; ak uji k (J2^^+ 1 ^) ax . (5.8) 
At the Gepner point in the complex structure moduli space the canonical matrix 



factorization describes the L = Recknagel-Schomerus branes ||11|| . One of these 
corresponds to the pure D6-brane |1| , and hence also at a generic point in the complex 
structure moduli space the canonical matrix factorization contains the pure D6-brane 
in its equivariant orbit. 

Next we construct the matrix factorization of the quintic, which contains the D0- 
brane in its equivariant orbit. Geometrically we describe the locus of the DO-brane 
as the intersection point of four linear equations, L s , in the ambient projective space, 
CP 4 , 

L s = a 5 x s - a s x 5 , s = l,...,4. (5.9) 

Generically the intersection of these four lines in CP 4 is not located on the hypersur- 
face, W = 0. If, however, we constrain the parameters, ag, to also obey the quintic 
hypersurface equation 

5 

= a\ — 5 tp ot\a20tzOL^a^ , (5.10) 
i=\ 

the intersection point is tuned to lie on the quintic hypersurface. Then the Nullstel- 
lensatz ensures that for all parameters, a#, fulfilling eq ( |5.10| ), we can find four quartic 
polynomials, F 8 , s = 1, . . . , 4, such that 



W = Y J L sF s . (5.11) 



s=l 



A view steps of algebra reveal that a possible choice for the quartics, F s , is given by 
lg j^{a s x 5 f- k {a,x s ) k - Jg- { f[ a fc ) (f[ x k+1 ) xf 1 • (5.12) 



5 fc=0 5 \k=l 
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In the final step we use the factorization (|5.11| ) of the Landau-Ginzburg super- 
potential to construct again with boundary fermions the matrix factorization, which 
is associated to the DO-brane at the intersection of the four complex lines ( |5.y| ) 



4 4 

Qs = J2 ( L *& + F *c0 ' °s = - II + c») (c- - cO ■ (5.i3) 

s=l s=l 

The four pairs of boundary fermions, ( s and £ 8 , s = 1, . . . , 4, obey the Clifford algebra 

{CsXt} = S st , {( s ,Ct} = {CsXt} = , (5.14) 

and we represent these fermions by 16 x 16-matrices. Hence choosing a gauge, where 
as becomes as = Diag(lsx8 5 ~ J-sxsX we obtain a 8 x 8-matrix factorization of the 
matrix pair, (Js,Es). 

To determine the U(l) R-symmetry representation, p$, and the Zs-equivariant 
representation, R Sa , we repeat the construction applied to the canonical factorization 
and we arrive at 

ps {0) = gME.^+^xie) ? ( 515 ) 

and with eq. (|2.15| ) at 

R Sa (k) = a; afc ^ fc (^ CsC " s+ll6x16 ) erg . (5.16) 

So far we have motivated the matrix factorization, Qs, by geometrically building 
a DO-brane. The resulting matrix factorization, however, models an orbit of equiv- 
ariant branes in the non-geometric Landau-Ginzburg phase. Hence it is not obvious 
that one of the branes, S a , does indeed correspond to the DO-brane. However, by 
construction the branes, S a , have an open-string modulus parametrized by the pa- 
rameters, ag, which are subject to the constraint ( |5.10| ). A closer look reveals that 
the open-string variables, ai, are really projective coordinates, because a homogenous 
rescaling, — ► \ag, merely generates a gauge transformation ( |2.2| ) of the factoriza- 
tion, Qs- Hence we observe that the open-string moduli space of the branes, S a , is 
the quintic threefold, which is the correct open-string moduli space of a DO-brane. In 
the next section we will present further arguments in favor of this claim. 
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5.2. D-brane monodromies on the quintic threefold 



In this section we analyze the monodromies about the singularities in the Kahler 
moduli space of the quintic threefold acting on the matrix factorizations, Qx and Qs- 
Since this analysis is similar to the discussion presented in sections [4.2| and fO| we can 
be brief here. 

We have argued in the previous section that one of the branes, X a , is the D6-brane 
of the quintic, which we choose to denote by0 

Qx = Qx, ■ (5.17) 
At the conifold point in the Kahler moduli space the branes, X[n], become massless 



%m , an d hence the factorization, Qx, triggers the transformation ( |3.8[ ) generated by 



the monodromy about the conifold point. 



\ 

\ 

\ 



Hom(X, ■) 
^Ext^X, •) 



X5[2]# ---..5 \ / 5^-* X2 ->-Ext 2 (X,.) 




*(X,X 4 [2])Aq 1^(X,X 3 ) 




■> Kxl :! (A'. •) 



X 4 [2] X 3 

Fig. 4: The quiver diagram displays the fermionic (red lines) and 
bosonic (blue lines) open string-states stretching between the D6- 
brane, X, and the other branes, X a , in the same equivariant orbit. 
The grades of the open-string states are distinguished by different 
kinds of dashed lines. 



11 Since only relative grades [35,[36|, and hence relative equivariant labels, of the branes 
are physically relevant we are free to choose the D6-brane in the equivariant orbit of the 
matrix factorization, Qx- This fixes now the grades and equivariant labels of all the other 
branes. 



35 



First we determine the D-brane monodromies associated to the equivariant branes 
of the canonical matrix factorization, Qx- In order to compute the conifold mon- 
odromy we calculate the relevant open-string states stretching between the D6-brane, 
X, and the transported branes, X a . The resulting cohomology elements are summa- 
rized in the quiver diagram |Fig. 4 . 



The bosonic boundary preserving operator, lx, is simply the 32 x 32-identity ma- 
trix. The remaining cohomology elements can directly be expressed with the boundary 
fermions, 7Tj and 7fj. In particular all the open-string states depicted in the quiver 
diagram are generated by the fermionic open-string states 

^(X a ,X a+1 ) = % k ~ X 3 k TY k + ijj X k+1 X k+ 2X k+3 7r k+4: , k = 1, . . . , 5 . (5.18) 

The index of the variable, x k , and the boundary fermion, 7ffc, should be thought of 
taking values modulo 5. Note that these cohomology elements cannot be exact since 
the associated matrices carry constant entries arising from the boundary fermion, n k . 
The boundary changing operators ( |5.18| ) yield for a = 1 the five fermionic open-string 
states, i&$ x X2 y and give rise to the other states shown in Fig. 4j : 



^k,l y[k yl] 

*(X,X 3 ) ^(X,X 2 )*(X 2 ,X 3 ) ' 



-,m\ 



*(X,X 4 [2]) ~ ^(X,X 2 )^(X 2 ,X 3 )^(X 3 ,X 4 ) > ^ 5ig ^ 

9 (X,Xi[2]) ~ ^(X,X 2 )^(X 2 ,X 3 )^(X 3 ,X 4 )^(X 4 ,X 5 ) > 
fix = ^}x,X 2 ) ■ ••*(X B) X) • 

Here the brackets, [...], indicate that the products are anti-symmetrized. 

Now we have assembled all the ingredients to compute the conifold monodromy 
and to eventually deduce the inverse large radius monodromy of the branes, X a , in 
the orbit of the canonical matrix factorization. For the conifold monodromy of the 



brane, X±, we employ again eq. ( |3.8| ) and obtain 




M G {X t ) = Q x . (5.20) 
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Due to the thirty- two constant entries arising from the operator, lx, we can remove 
after a gauge transformation ( |2.2| ) thirty-two trivial 2 x 2-matrix blocks ( |2.22| ) and 
we obtain the simple relation 



Mc(Xi) = X 1 [-2] . 



(5.21) 



Thus the conifold monodromy acting on the brane, Xi, neither changes its matrix 
factorization nor modifies its equivariant label, but merely shifts its grade by —2. 
This shift of the D6-brane grade with respect to conifold monodromy has also been 



observed in ref. [|8],|30|, where it was traced back to a simple pole in the period of the 
D6-brane. 

Then we immediately determine the inverse large radius monodromy of the brane, 
Xi, by applying according to eq. ( |3.11| ) a subsequent Landau-Ginzburg monodromy 



M^pd) = X 2 [-2] 



(5.22) 



In the same fashion we also derive with the open-string states, ^^x x 2 )- 
conifold monodromy of the canonical brane, X%, and we find 



the 



(Q 



M C (X 2 



x 2 




V o 



Qx 











Qx I 



(5.23) 



whereas the associated U(l) R-symmetry representation and the equivariant repre- 
sentations become 



Pm c (x 2 ) 



mag(px{0),e- s Pp x (ff),... i e- s Pp x (0)) , (5.24) 



and 



R 



M C (X 2 ) 



(k) = Diag(R X2 (k),R Xl (k) 1 --- 1 R Xl (k)) . 



(5.25) 



The presented 96 x 96-matrix factorization ( |5.23| ) is also reducible due to the constant 
entries in the cohomology elements, x 2 )- There are a total of 31 independent 
constants, which allow us to rewrite the matrix factorization ( |5.23j ) to an equivalent 
65 x 65-matrix factorization. In this work we do not use and hence do not state the 
explicit form of the reduced matrix factorization. 
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The inverse large radius monodromy of the brane, X2, adjusts the equivariant 
representation of the brane, Mc(X 2 ), 



r m-'(x 2 )^ = Di&g{R x s(k),R x *(k),---,R X2 {k)) 



(5.26) 



whereas the matrix factorization, Qm~ 1 (x 2 ) = Qm c {x 2 )i an d the U(l) R-symmetry 
representation, P M - 1 ^x 2 ) = Pm c {x 2 )i are n °t modified. 

For the other branes, X a , in the equivariant orbit of the canonical matrix factor- 
ization the conifold monodromy and the large radius monodromy are derived analo- 
gously. 




• <~>2 



6 \ A (X,S 3 ) 



->-- Hom(X, ■) 
Ext\X, •) 
-v--Ext 2 (X, •) 



Fig. 5: The quiver diagram presents the fermionic (red lines) and 
the bosonic (blue lines) open-string states stretching between the 
D6-brane, X, and the branes, S a - The different blue dashed lines 
distinguish between the two grades of the bosonic open-string states. 



Finally we want to discuss the monodromies of the branes, S a , in the equivariant 
orbit of the factorization, Q$- For the monodromy about the conifold point we need 
to calculate the open-string states between the D6-brane, X, and the branes, S a . This 
is achieved by directly evaluating the cohomology of the BRST operator ( |2.4j ) for all 
possible charge levels ( |2.11|) and equivariant labels (|2.17|) . The result of this tedious 
but straight forward computation is summarized in the quiver diagram Fig. 5| . We do 
not present the complicated expressions for the 16 x 32-matrix representation of the 
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open-string states listed in the quiver because for the following analysis we mainly 
need the multiplicities of the open-string states. 

For the brane, Si, the quiver exhibits one bosonic open-string state, Ap^gy, 
and hence the monodromy about the conifold point yields with eq. ( ft.8|) the matrix 
factorization 

Qm o(Si) = ( Q * • (5.27) 

The U(l) R-symmetry representation and the Zs-equivariant representation become 

Pm c ( Si )(°) = Viag(p s (9),e- ie px(9)) , (5.28) 

and 

R Mc(3 1 )^ = Diag (RSi( k ^ R X( k -fj . (5.29) 
This matrix factorization ( |5.27|) is again reducible and thus further simplifies with 



the help of gauge transformations (|2.2|) and by subtracting trivial brane-anti-brane 



pairs ( |2.22| ). A details analysis reveals 

Mc{S x ) = S 5 [2] . (5.30) 

The shift in the grade and the equivariant label are determined by carefully keeping 
track of the gauge transformations (|2.2|) acting on the representations ( |5.28| ) and 
( |5.29|) . Thus with eq. ( [2.19|) we readily deduce for the inverse large radius monodromy 

^(Si) = St . (5.31) 

The remaining branes, S a , transform analogously with respect to the mon- 
odromies and the analysis is parallel to many previously presented examples. There- 
fore we immediately turn to the discussion of the RR charges to gain further insight 
into the structure of the transformed matrix factorizations. As before we extract the 
RR charges of the matrix factorizations by applying the residue formula ( [4.44j ). As 
for the cubic torus, the residue formula ( [4.44] ) of the quintic hyper surface also reduces 
to the simplified expression (|4.45|) . Hence we are able to compute the RR charges 



solely from the equivariant representations, R Mc ^ Sa \ which in turn are already de- 
termined from the knowledge of the multiplicities of the open-string states depicted 
in the quivers. 
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For the quintic hypersurface we obtain non-vanishing disk amplitudes in the 
twisted sectors, / = 1,...,4, i.e. the potentially non-vanishing correlators with a 
brane, P, are (1;0|P), (4, 0|P). Therefore the Landau-Ginzburg charge vector, 
cIilg(P), on the quintic threefold is given via eq. ( |4.45| ) by 



ch LG (P) = ((1;0|P),...,(4,0|P)) 



(5.32) 



The next task is to make the connection to the RR charges which are natural from a 
geometric point of view. We denote these charges by the large radius charge vector, 
cIilr, of the quintic hypersurface 



ch LR (P) = (d 6 ,d 4: ,d2,do) 



(5.33) 



Here we use the integer basis introduced in ref. ||32]j , where the integer, d§, denotes 
the D6-brane charge whereas the lower dimensional brane charges are denoted by (I4, 
di and do. 



The Landau-Ginzburg charge vector ( |5.32| ) and the large radius charge vec- 
tor ( |5.33[ ) are linked with a linear transformation, which we now need to determine. 
We have argued that the branes, X a , in the orbit of the canonical factorization de- 
scribe the L = Recknagel-Schomerus branes, for which on the other hand the large 
radius RR charges are recorded in ref. [p2 |. This allows us to determine the linear 
transformation we are after. The resulting large radius RR charges of all the discussed 
branes are collected in fl'able 3. 



A closer look at [Fable 3| reveals that the brane, Si, is invariant with respect to 
the (inverse) large radius monodromy (c/. also eq. (|5.31|) ) and has the large radius 
charge of a DO- brane. These properties show that the equivariant brane, Si, describes 
the DO-brane as already anticipated in the previous section. 

Finally we observe that the RR charges of all the branes transform with respect 
to the (inverse) large radius monodromy as 



)£ 1 : (d G , d 4 , d 2 , d ) h-> (d 6 , d±, d 2 , d ) 



f 1 
1 



Vo 



1 



5 -5\ 

-5 5 

1 -1 

1 / 



(5.34) 
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This transformation does not change the D6-brane charge, and it turns out that the 
inverse large radius monodromy acts upon the bundle date of the brane by tensoring 
with the line bundle, £ _1 |3^] , where C is the line bundle associated to the generator 
of if 2 ( Quintic, Z). This is the expected transformation behavior associated to the 
large radius monodromy because physically it corresponds to a shift of the S-field 
by the generator of PT 2 (Quintic, Z). For us the result also serves as a non-trivial 
check on the computed multiplicities of the open-string states depicted in the quiver 
diagrams [Fig. 4| and Fig. 5| . 



Brane P a 


ch LR (P a ) 


M C (Pa) 


ch LR (M c (P a )) 




ch LR (M£ I J(P a )) 




(1,0,0,0) 


Xi[-2] 


(1,0,0,0) 


X 2 [-2] 


(1,-1,5,-5) 


x 2 


(1,-1,5,-5) 


M C (X 2 ) 


(6,-1,5,-5) 


M^(X 2 ) 


(1,-2,15,-20) 




(-4,3,-10,5) 


M C (X 3 ) 


(-14,3,-10,5) 


M^(Xs) 


(-4,7,-45,50) 


x 4 


(6,-3,5,0) 


M C (X 4 ) 


(16,-3,5,0) 


M-'(X 4 ) 


(6,-9,50,-50) 


x 5 


(-4,1,0,0) 


M C (X 5 ) 


(-9,1,0,0) 


M^(X 5 ) 


(-4,5,-25,25) 


Si 


(0,0,0,1) 


S 5 [2] 


(-1,0,0,1) 


Si 


(0,0,0,1) 


s 2 


(1,-1,5,-4) 


M C (S 2 ) 


(5,-1,5,-4) 


M^(S 2 ) 


(1,-2,15,-19) 


S3 


(-3,2,-5,1) 


M C (S 3 ) 


(-9,2,-5,1) 


M^(S 3 ) 


(-3,5,-30,31) 


s± 


(3,-1,0,1) 


M C (S 4 ) 


(7,-1,0,1) 


M^(S 4 ) 


(3,-4,20,-19) 


s 5 


(-1,0,0,1) 


M C (S 5 ) 


(-2,0,0,1) 


M£i(S 5 ) 


(-1,1,-5,6) 



Table 3. For the quintic Calabi-Yau threefold we display the action 
of the conifold and the large radius monodromy upon the branes, 
X a and S a , together with their large radius RR charges. The 
RR charges of the L = Recknagel-Schomerus branes, X a , have 
been extracted from ref. J3^/ in order to calibrate the remaining large 
radius RR charges. 



Before we conclude this section we note that, in contrast to the cubic torus, for 
the quintic hypersurface the large radius monodromy as seen from the gauged linear 
cr-model coincides with the large radius monodromy in the Teichmiiller space. This 
is due to the fact that the Lefschetz hyperplane theorem ensures that in the gauged 
linear cr-model of the quintic the generator of i7 2 (CP 4 ,Z) of the ambient projective 
space, CP 4 , induces the generator of H 2 (Quintic, Z) on the quintic hyperplane |50[ . 
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6. Conclusions 



In the context of string compactifications we have probed the global structure 
of the moduli space by transporting branes along closed loops in the Kahler moduli 
space. Generically the brane probes were transformed along the path as governed by 
the monodromies of the enclosed moduli space singularities. We chose the base point 
of these closed loops to be located in the Landau- Ginzburg phase, in which the brane 
probes were described by matrix factorizations. This required us to develop tools, 
which were suitable to describe D-brane monodromies from a matrix-factorization 
point of view. 

In terms of matrix factorizations the monodromy about the Landau- Ginzburg 
singularity of the Kahler moduli space arose canonically. Following a conjecture of 
ref. |^5[ we realized the monodromy about the conifold point as a multiple tachyon 
condensation process of the probe brane with the branes, which became massless at 
the conifold locus. Finally we computed the action of the large radius monodromy by 
composing the Landau- Ginzburg and the conifold monodromy. We explicitly demon- 
strated our techniques on the cubic torus and the quintic Calabi-Yau hypersurface. 

A complementary analysis is presented in refs. p8|j29| , p0| , where the base point for 
the non-contractible loops is chosen in the large radius regime of the Kahler moduli 
space. In these scenarios D-branes are modeled as complexes of coherent sheaves 
35| , |51"| , |2~T|| , which are then transformed by Kahler moduli space monodromies. In this 



context the conifold monodromy is also realized as a multiple tachyon condensation 
process. However, the computation of monodromies is rather complicated because 
generically the probe brane needs to be represented by a suitable complex. Thus 
in certain situations the computation of the D-brane monodromies is simpler in the 
language of matrix factorizations as we are able to compute the Kahler moduli space 
monodromies in an algorithmic way. 

There are several directions to be further pursued. Our techniques should also 
apply for hypersurfaces in weighted projective spaces. Furthermore, since matrix 
factorizations are also a good framework to study obstructed and unobstructed open- 
string moduli it would be interesting to trace the fate of these moduli with respect to 
the monodromy transformations alluded here. In this work we have evaded stability 
issues, which definitely deserve more attention and should eventually be addressed. 
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Appendix A. Cohomology elements of the 'long' and 'short' branes 



Here we present explicitly matrix representations of the open-string states dis- 
played in the quiver diagram |Fig. 2| for the 'long' and 'short' branes of the cubic torus. 
These matrices are determined by evaluating the BRST cohomology elements ( |2.9|) 
depicted in the quiver [Fig. 2. 



The resulting three fermionic open-string states, L \, stretching between the 
D2-brane, X, and the 'long' brane, L 2 , are the cohomology elements of the BRST 
operator, D^ x ,l 2 )^ an d they are given by 




(X\X\ 



Ct 2 x 2 



- a 

012013 

012 

OL2 ^ 

-OL\ 


— a% 



x 2 





013 L 

^X 2 
013 z 





-a>3 




(A.l) 



and 



/o 
1 



OL3 



X 3 



VO -^x 2 



03 

a? 



012013 

ai«3 





a 2 
ai 



a — 



X\ 

A 



aia 3 
.22. T 

ai X 3 



X 2 



a 2 x 3 
a>ix 2 






-a 3 



«3 

a 2 



#2 





-OL\ 





020:3 
02 x 

-a 2 \ 


/ 



(A.2) 



43 



and 



'01 



/O 




1 



X"2 



a 2 a 3 



\ 



a — 



aia 3 



-^X 3 

a 3 ° 

a 3 x 




-a 2 





Oil ± 



-a 3 






OL\(X3 



-ax J 



x 3 



(A.3) 



Furthermore evaluating the grading ( |2.2U| ) yields that these fermionic open-string 
states arise as cohomology elements of Ext 1 (X, L 2 ). 



In the same fashion we deduce the three bosonic open-string states, L a [2])> 
between the D2-brane, X, and the 'long' brane, L3 [2]. They appear in the cohomol- 
ogy ( |2.9| ) of the BRST operator, D( X ,l 3 [2])i an d turn out to be 



a l Q 3 
- + 



a - 



a- 





I «2 a 3 




y „»' 





a — 


\ a 2 a 3 








"1 x 2 


a 3 x 3 


a 3 
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(A.4) 



and 
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and 



®fx,L 3 [2]) 
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«2 a 3 



"3 x 2 3: 3 
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(A.6) 

These bosonic open-string states arise with eq. ( |2.2Up as cohomology elements of 
Hom(X, L 3 [2]). 



Stretching between the D2-brane, X : and the 'short' brane, S2, we find the 
fermionic open-string states, g\, in the cohomology ( |2.9| ) of the BRST operator, 



D 



These open-string states are elements of Ext 1 (X, S2) and they read 
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with the quadratic polynomials 



U, 



ij 



9 2 
a 2;^ «i ^ ctj x\X2 

o I 9 r 



2a 3 



axjX3 



(A.9) 
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The bosonic open-string state, $(x,Si) 5 i n Hom(X, Si) is they only non-trivial 
open-string state stretching between the D2-brane, X, and the 'short' brane, Si, 



(-X-.Si) 



a x\ 
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(A.10) 

Finally between the D2-brane, X, and the 'short' brane, S3 [2], we find in 
Hom(X, S3 [2]) the bosonic open-string state, $>(x,s 3 [2]), which reads 
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